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We present a concrete realization of the sound speed resonance mechanism for primordial black
hole formation within a specific model of Dirac-Born-Infeld (DBI) inflation. We perform a perturba-
tive approach to phenomenologically construct such a viable DBI inflation model that involves the
non-oscillating stage and the oscillating stage, with a type of specific forms of the warp factor and
the potential. We show that the continuous but non-smooth conjunction of sound speed between
two stages does not yield manifest effects on the phenomenology of SSR, and thus, our model gives
rise to the same PBH mass spectrum as the original predictions of SSR. Making use of observa-
tional data, we derive various cosmological constraints on the parameter space. Our analyses show
that, the predicted tensor-to-scalar ratio is typically small, while the amplitude of primordial non-
Gaussianity can meet with CMB bounds, and additionally, the consistency relation for single-field
slow-roll inflation is softly violated in our case due to the small sound speed variations.
PACS numbers: 98.80.Cq, 11.25.Tq, 74.20.-z, 04.50.Gh
I. INTRODUCTION
Primordial black holes (PBHs) may be formed from
density fluctuations in the very early Universe [1–3],
which can be tested through their effects on a variety of
cosmological and astronomical processes. In this regard,
PBHs can serve as an inspiring tool to probe physics in
the very early Universe [4, 5]. In particular, PBH could
be a candidate for (a fraction of) dark matter (DM),
which has drawn a lot of attention [6, 7]. With vari-
ous forthcoming experimental facilities in Gravitational-
Wave (GW) astronomy, the GW survey has become a
promising window to reveal physical processes of PBH
formation. There are already many works upon GWs
associated with PBHs, for instance, GWs generated by
PBH mergers [8–10], and the induced GWs from the en-
hanced primordial density perturbations associated with
PBH formation [11–18]. Some high-density regions of
the very early Universe are expected for PBH formation.
One possibility is that there were large primordial inho-
mogeneities and the resulting over-dense regions might
collapse to form PBHs [19]. This motivates many stud-
ies of generating PBHs, which require a power spectrum
of primordial density perturbations to be suitably large
on certain scales that are associated with a particularly
tuned background dynamics of quantum fields in the very
early Universe (e.g. see [20–38] for studies within infla-
tion, see [39–42] for discussions within bounce, and see
[5] for recent comprehensive reviews).
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Recently, a novel mechanism for PBH formation by
virtue of sound speed resonance (SSR) was proposed in
[43], where it was found that an oscillating sound speed
squared can yield non-perturbative parametric amplifica-
tion on certain perturbation modes during inflation. Ac-
cordingly, the power spectrum of primordial density per-
turbations can have a narrow major peak on small scales,
while remains nearly scale-invariant on large scales as
predicted by inflationary cosmology. Several minor peaks
of the power spectrum on smaller scales are also predicted
in this mechanism and can yield secondary contributions.
As a result, the formation of PBHs caused by the result-
ing peaks in SSR can be much efficient. Moreover, it was
found in [16] that, the GWs induced within SSR at the
sub-Hubble scales during inflation could become crucial
at critical frequency band due to a narrow resonance ef-
fect, and hence the spectrum of GWs with double peaks
is typically predicted. Additionally, the SSR mechanism
can also be generalized to the inflaton-curvaton mixed
scenario [44], in which curvaton propagates with a time-
oscillating sound speed during inflation, while inflaton
leads to the standard adiabatic perturbations.
So far, the underlying physics as well as the model re-
alization of SSR, however, are not yet clear. Therefore,
in this paper we perform a preliminary investigation on
the phenomenological realization of SSR. The non-trivial
sound speed is a distinctive feature of non-canonical in-
flationary scenarios, e.g. k-inflation [45, 46], Dirac-Born-
Infeld (DBI) inflation [47, 48] and so on. Specifically,
we consider a DBI type of inflation models, which are
inspired by string theory with the inflaton field being re-
garded as the radial position of branes moving inside a
warped throat. The scenario of DBI inflation requires
the velocity of inflaton to be restricted by the combined
effects of the speed limit inherent in DBI model and the
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2shape of inflaton’s potential, such as the UV [47, 48] and
IR models [49]. Thus, by allowing the inflaton’s sound
speed to oscillate for a while during inflation, the specific
forms of the warp factor and the potential are expected.
Accordingly, the crucial step of our attempt on realizing
the SSR mechanism is to pin down these two quantities.
To do so, we develop a perturbative approach to search
for a viable DBI model in the context of a modified Anti-
de Sitter (AdS) throat, and the corresponding potential
is derived by using the Hamilton-Jacobi formalism. To
confront with current observations of primordial power
spectra and non-Gaussianities, we can obtain the con-
straints on the parameter space of this model.
This article is organized as follows. In Section II, we
describe semi-analytically the background evolution of
DBI inflation. Then, we in Section III derive the re-
quirements for the warp factor and the evolution of in-
flaton that allows an oscillating sound speed. A per-
turbative approach is developed to accomplish the re-
quirements on background dynamics, and the potential
is acquired by resorting the Hamilton-Jacobi formalism.
Afterwards, we in Section IV discuss the theoretical vi-
ability of the reconstructed DBI realization of the SSR
mechanism. After that, we in Section V derive observa-
tional constraints of our model by analyzing the power
spectra, spectrum index, tensor-scalar ratio and non-
Gaussianities. We summarize our results with a discus-
sion in Section VI. Throughout the article, we work in
natural units c = ~ = 1 and the reduced Planck mass is
defined as Mp ≡ 1/
√
8piG. Additionally, a dot denotes
the cosmic time derivative, a prime denotes the deriva-
tive with respect to the inflaton φ, and the notation of a
comma means the derivative.
II. DBI INFLATION
Inflation is a prevailing theoretical paradigm of the
very early Universe and is strongly favored by cosmolog-
ical observations, such as, cosmic microwave background
(CMB) surveys [50, 51]. However, the microscopic nature
of inflaton remains mysterious. In the standard model of
single-field slow-roll inflation, the slow-roll condition re-
quires a sufficiently flat potential to drive the inflationary
expansion. Therefore, it is a key question to find a dy-
namical realization of such a flat potential in fundamental
theory. An attractive attempt is to embed inflation into
string theory and the corresponding models are roughly
separated into two categories, depending on whether in-
flation is a closed string mode (e.g. Ka¨hler moduli infla-
tion [52]) or an open string mode (e.g. brane inflation
[53, 54], DBI inflation [47, 48]). In particular, the DBI
model that yield a deviation of primordial sound speed
from unity has attracted numerous phenomenological in-
terest, namely, the applications to the curvaton [55–57],
the multiple sound speed propagations [58–60], and the
interpretation of the hemispherical asymmetry anomaly
[61–63].
The DBI action is written as
S =
∫
d4x
√−g
[
f(φ)−1
(
1−
√
1 + 2f(φ)X
)− V (φ)] ,
(1)
where X = − 12gµν∇µφ∇νφ, and f(φ) is the redefined
warp factor. For the well-studied AdS throat [64], f(φ) =
λ/φ4 with λ being a positive constant, and the form can
be phenomenologically deformed depending on the de-
sired model construction. In the spatially flat Friedmann-
Lemaˆıtre-Robertson-Walker (FLRW) background, there
is X = φ˙2/2 for a homogeneous scalar field φ. Moreover,
the homogeneous part of the equation of motion (EoM)
for a DBI scalar field can be derived from the action (1)
by variational principle:
φ¨+3Hc2sφ˙+c
3
sV
′(φ)+
f ′(φ)
2f(φ)
(
1− 2c
2
s
1 + cs
)
φ˙2 = 0 , (2)
where H is the Hubble parameter and the sound speed
squared is defined as
c2s = 1− f(φ)φ˙2 , (3)
measures the propagation speed of the field fluctuations
[46]. The energy density and the pressure of the DBI
field are given by
ρ =
γ2
1 + γ
φ˙2 + V (φ) , P =
γ
1 + γ
φ˙2 − V (φ) , (4)
where we have introduced the Lorentz factor γ as follows,
γ ≡ 1√
1− f(φ)φ˙2
=
1
cs
, (5)
which tracks the motion of the mobile brane in a warped
throat [47]. Since the proper velocity of the brane is
vp =
√
f(φ)φ˙, a large value with γ  1 corresponds to
the relativistic motion of the brane. And oppositely, in
the non-relativistic limit with fφ˙2  1, the DBI action
(1) reduces back to the standard canonical form, which
is the regular single-field slow-roll model with the action
being S =
∫
d4x
√−g(X − V (φ)).
The most intriguing feature of the DBI field is that,
the positivity of the square-roots in DBI action (1) and
the Lorentz factor (5) impose a constraint upon the time-
varying φ:
φ˙2 ≤ 1
f(φ)
. (6)
This constraint is irrespective of the shape of inflaton’s
potential V (φ) and only subject to the structure of the
warp factor f(φ). It is easy to see from (6) that, the
larger f(φ) leads to the smaller rolling velocity for φ.
For instance, for an AdS-like warp factor, f(φ) = λ/φ4
becomes large in the IR regime of the throat and hence,
inflation could happen near the tip of the throat even
with a steep potential of V (φ) [49]. The non-trivial sound
3speed squared c2s intrinsically appears in DBI inflation
(3), which is expected to yield the SSR phenomenology
as shall be discussed.
The Friedmann equations read
H2 =
1
3M2p
[ γ2
1 + γ
φ˙2 + V (φ)
]
, (7)
H˙ = − 1
2M2p
γφ˙2 . (8)
In order to solve the coupled Friedman equations (7)
and (8) more conveniently, we resort to the Hamilton-
Jacobi formalism [47], in which the field φ is regarded as
the time variable, and this requires that φ is monotonic.
From now on, all the undetermined functions (H,V, γ, f)
in the above equations are functions of φ. Note that
the EoM (2) can also be obtained from the above Fried-
mann equations (7) and (8), so that one can avoid to use
the complicated form of the EoM (2) explicitly in the
Hamilton-Jacobi formalism.
Using the relationship H,φφ˙ = H˙, Eq. (8) becomes
H ′(φ) = −γ(φ) φ˙
2M2p
. (9)
In the standard inflationary scenario where γ = 1, one
acquires the relation H ′(φ) = −φ˙/2M2p . Using Eq. (7),
the potential V (φ) is given by
V (φ) = 3M2pH(φ)
2− 1
f(φ)
√
1 + 4M4pf(φ)[H
′(φ)]2+
1
f(φ)
.
(10)
In the following section, one can see that the phenomeno-
logical oscillating sound speed determines the evolution
of inflaton φ by the relationship (3) when the specific
form of the warp factor f(φ) is given. And then, the
parametrized Hubble parameterH(φ) is derived from (9).
Finally, we can obtain the inflaton’s potential V (φ) by
plugging the functions f(φ) and H(φ) into (10). Note
that, the inflaton’s potential in principle comes from
brane tensions and interactions [65, 66], but the form
of potential is not known in general. In this regard, we
think of the inflaton’s potential as a undetermined func-
tion in our model.
III. DBI REALIZATION OF SSR
In this section, we expect to construct a viable DBI ac-
tion that can realize the SSR mechanism by choosing the
specific forms of the warp factor f(φ) and the inflaton’s
potential V (φ). It is suggested in SSR [43, 44] that, the
sound speed squared for the inflaton field is time-evolving
during inflation and is parametrized as follows:
c2s = 1− 2ξ[1− cos(2k∗τ)], with τ > τs , (11)
where ξ is a small dimensionless quantity that measures
the oscillation amplitude and k∗ is the oscillation fre-
quency. Note that, ξ < 1/4 is required such that c2s
is positively definite, and the oscillation begins at τs,
where k∗ needs to be deep inside the Hubble radius with
|k∗τs|  1.
To realize the oscillating pattern (11) with DBI infla-
tion, the following matching condition derived from (3)
and (11) ought to be satisfied:
f(φ)
(dφ
dτ
)2
=2ξa(τ)2
[
1− cos(2k∗τ)
]
' 2ξ
(− 1)2
1− cos(2k∗τ)
H2τ2
, (12)
where we have adopted the quasi-de Sitter approximation
for the background evolution, i.e., the slow-roll parame-
ter is assumed to be a small constant, while the Hubble
parameter varies slowly, and then the scale factor be-
haves as a(τ) ' 1/( − 1)Hτ . We show the validity of
this approximation in the later discussions. The analytic
solutions of f(φ) and φ(τ) can in principle be obtained
by solving Eqs. (2), (7), (9), and (12) simultaneously.
However, it is not easy to solve these strongly coupled
equations analytically. Also, since the warped geome-
try is determined by the unknown compactification, the
form of the warp factor is not fixed in general, and it is
convenient to start with the well-studied AdS warp fac-
tor. Therefore, we perform a perturbative approach to
solve the inflaton evolution φ(τ) approximately, and the
AdS throat is allowed to be deformed slightly to yield
the oscillating pattern for the sound speed squared. As
we shall see below, the numerical results and the semi-
analytic ones match reasonably well.
In the first step, the constant sound speed squared,
c2s = 1− 2ξ, can be realized in the AdS-like throat when
a specific evolution of φ(τ) is satisfied. Similar to the
matching condition (12), we derive the relation
λ
φ4
(dφ
dτ
)2
= 2ξa(τ)2 ' 2ξ
H2(− 1)2τ2 , (13)
and it is straightforward to solve φ(τ) to be
φ(τ) '
( 1
φi
±
√
2ξ
H(1− )√λ ln
τ
τi
)−1
, (14)
where φi is the field value at the conformal time τi that
is set to the beginning moment of inflation. Since the
term ln(τ/τi) is always negative during inflation, the “+”
sign refers to an increasing φ associated with the case of
IR DBI, while “-” represents a decreasing solution corre-
sponding to the case of UV DBI. As the model UV DBI
suffers from over large non-Gaussianity [67, 68], in the
present study we focus on the case of IR DBI. Therefore,
we stick to the increasing solution
φ(τ) '
( 1
φi
+
√
2ξ
H(1− )√λ ln
τ
τi
)−1
. (15)
Moreover, the conformal time can be expressed in terms
of the inflaton field φ as
τ = τi exp
[H(1− )√λ√
2ξ
(φ−1 − φ−1i )
]
. (16)
4The next step is to involve the oscillating feature
cos(2k∗τ) into the sound speed squared. Since the ampli-
tude of oscillation can be quite small (i.e. ξ < 1/4) from
(11), the natural consideration is to regard this oscillating
term as a consequence of small classical perturbation of
the warp factor f(φ) or inflaton’s evolution φ(τ) or both
of them in the above step. As the dynamical evolution
of φ(τ) must satisfy Eq. (2), which is quite difficult to
be solved analytically, we suggest to phenomenologically
modify f(φ) to embed the additional oscillating term into
the sound speed squared. We would like to clarify that,
the search for such a solution of the warp factor from
some exact string compactification is beyond the scope
of this article, and leave it as an open question for the
future study.
In our perturbative approach, the evolution of φ(τ) in
(15) remains almost unchanged. Thus, the small devia-
tion of the warp factor f(φ) is written as
f(φ) =
λ+ δ(φ)
φ4
. (17)
Note that, the classical perturbative function δ(φ) can be
solved from the matching conditions (12) and (13), and
the solution of φ in (15), which yield
δ(φ) = −λC(φ) ,
C(φ) ≡ cos
{
2k∗τs exp
[H(1− )√λ√
2ξ
(
1
φ
− 1
φs
)
]}
, (18)
where φs = φ(τs) is the field value at the beginning mo-
ment of the oscillating stage. Accordingly, the warp fac-
tor becomes
f(φ) =
λ
[
1−Θ(φ− φs)C(φ)
]
φ4
, (19)
where the Heaviside step function Θ(φ−φs) is introduced
to simply represent the beginning moment of sound speed
oscillation in (11). And thus, our model involves the
non-oscillating stage and the oscillating stage regarding
the sound speed squared c2s for the inflaton field during
inflation, which is shown in Fig. 1 schematically. Be-
fore the beginning time τs of sound speed oscillation,
the sound speed squared is fixed to c2s = 1 − 2ξ with
a AdS warp factor f(φ) = λ/φ4; When entering the os-
cillating stage τs < τ < τend, c
2
s oscillates periodically
between 1 − 4ξ and 1 with the deformed warp factor
f(φ) = (λ + δ(φ))/φ4. We stress that the time evo-
lution of inflaton φ(τ) over the whole stages including
the non-oscillating stage and the oscillating stage has
the unique solution (15). And we also notice that, as
opposed to the original SSR mechanism [43], where the
sound speed is assumed to start oscillating from c2s = 1 to
c2s = 1−2ξ[1−cos(2k∗τ)] smoothly, the conjunction of the
sound speed in our model here is slightly different, i.e.,
converting from c2s = 1−2ξ to c2s = 1−2ξ[1−cos(2k∗τ)],
which is continuous but not smooth (the first time deriva-
tive of sound speed is not continuous). However, our
analysis in Section IV show that the narrow resonance
effect in SSR mechanism is barely influenced by this non-
smoothing conjunction of sound speed at the beginning
moment of the oscillating stage.
τ
c
s
2
τs τend
1
1-2ξ
1-4ξ
f(ϕ)= λϕ4 f(ϕ)=λ+δ (ϕ)ϕ4
non-oscillating oscillating
FIG. 1. The schematic diagram of the sound speed squared c2s
of SSR within DBI inflation. The red straight line refers to the
non-oscillating stage before the beginning moment of SSR τs,
while the blue curve represents the oscillating stage required
by SSR from τs to a moment near the end of inflation τend.
The warp factor takes the standard form f(φ) = λ/φ4 in the
non-oscillating stage, and then deform to f(φ) = (λ+δ(φ))/φ4
in the oscillating stage.
The warp factors in the non-oscillating stage and in
the oscillating stage are shown in Fig. 2, and in light of
the observational bounds on the parameter space of our
model discussed in Section V, we choose the values of
parameters as λ = 2 × 109, H0 = 10−5Mp and ξ = 0.1.
One can read from the plot that, the warp factors share
the same power-law form of f(φ) ∝ φ−4 in both stages
after moduling the oscillating feature. Also, we mention
that the warp factor f(φ) starts to oscillate rapidly when
enters the oscillating phase and then behaves like f(φ) ∝
φ−4 near the end of inflation.
0.05 0.10 0.15 0.20 0.25
0.8
0.9
1.0
1.1
1.2
ϕ/Mp
lo
g
1
0
(f(ϕ)
M
p4
)
FIG. 2. The warp factors in the non-oscillating stage f(φ) =
λ/φ4 (the blue curve) and in the oscillating stage f(φ) = (λ+
δ(φ))/φ4 (the orange curve). The green dashed line represents
the beginning moment of the oscillating stage. The parameter
values are chosen to be: λ = 2 × 109, H0 = 10−5Mp and
ξ = 0.1.
5After that, we solve the Hubble parameter H(φ) and
the potential V (φ) with the Hamilton-Jacobi formalism.
Using the solution (15), Eq. (9) reads
H ′(φ) = −
√
ξ
2λ
[
1− 2ξ(1−Θ(φ− φs)C(φ))
] φ2
M2p
.
(20)
Although the above equation is quite complicated to
get exact analytical solution, one can still solve it in the
non-oscillating stage by applying c2s = 1−2ξ, which yields
H ′(φ) = −
√
ξ
2λ(1− 2ξ)
φ2
M2p
, (21)
and thus, one obtains
H(φ) = H0 −
√
ξ
2λ(1− 2ξ)
φ3
3M2p
, (22)
where H0 = H(φi) +
√
ξ
2λ(1−2ξ)
φ3i
3M2p
. Plugging (22) into
(10) to obtain the approximate solution of the potential
V (φ) = 3H20M
2
p −
√
2ξ
λ(1− 2ξ)H0φ
3 +O(φ4) . (23)
As a long period of inflation can occur near the top of
the potential, the first two terms in the potential (23)
dominate.
Moreover, due to the fact that throughout the whole
analysis ξ is a small quantity, the solutions of the Hub-
ble parameter H(φ) in (22) and the potential V (φ) in
(23) can approximately hold in both the non-oscillating
and the oscillating stages, which have been confirmed by
numerical analyses, see Fig. 3. We integrate Eq. (20)
numerically in the oscillating stage and then insert the
corresponding result into (10) to calculate the potential.
One can see that, when inflaton occurs around the top
of the potential in (23), the Hubble parameter in (22)
is nearly a constant H ' H0. The inflaton’s potential
V (φ) ' 3H20M2p is roughly a constant as well at the be-
ginning of inflation. Therefore, the assumption of the
quasi-de Sitter background made in the semi-analytical
calculation is reliable, which can also be read from the
comparison with numerical estimations.
IV. THEORETICAL VIABILITY
According to the previous section, we have arrived at
a concrete DBI realization for SSR with a specific warp
factor in (19) and the inflaton’s potential in (23). More-
over, in order to test the theoretical viability of this re-
constructed model, we in this section make the detailed
investigations combined with relevant discussions.
For a set of different values for λ (or equivalently, dif-
ferent values of the field value φend at the end of infla-
tion through Eq. (34)), the comparisons between the nu-
merical results and the semi-analytical approximations of
0.05 0.10 0.15 0.20 0.25
-5.0012-5.0010
-5.0008-5.0006
-5.0004-5.0002
-5.0000
ϕ/Mp
lo
g
1
0
(H(ϕ)
/M p)
0.05 0.10 0.15 0.20 0.25
-9.5255-9.5250
-9.5245-9.5240
-9.5235-9.5230
ϕ/Mp
lo
g
1
0
(V(ϕ)
/M p2 )
FIG. 3. The forms of the Hubble parameter and the inflaton’s
potential as functions of φ from the beginning φi to the end of
inflation φend. The green dashed lines refer to the beginning
of the oscillating stage. The comparisons between the ap-
proximate results (22), (23) and the numerical results in the
oscillating stage are made by the blue dashed curves and the
orange curves, respectively. The parameter values are chosen
to be: λ = 2× 109, H0 = 10−5Mp and ξ = 0.1.
the evolutions of inflaton field φ along with the e-folding
number N (15) are presented in Fig. 4. In the numer-
ical calculations, the expressions of the warp factors in
the non-oscillating stage and the oscillating stage are re-
garded as the inputs of our model. After that, the numer-
ical analyses for the evolutions of φ are accomplished by
virtue of the matching conditions (12) and (13), and also
the background equation (9), for the phenomenological
sound speed squared c2s. One can read from Fig. 4 that
our semi-analytical solution in (15) is good enough to de-
scribe the evolution of the inflaton field in both the non-
oscillating and oscillating stages. Note that, the e-folding
number here defined as N ≡ ln a(τend)/a(τ) which mea-
sures the number of e-folds from the moment τ to the
end of inflation τend. And hence, N = 0 represents the
end of inflation and larger N corresponds to the earlier
time during inflation. These results also demonstrate the
validity of our perturbative approach that was used to re-
construct such a concrete DBI realization for SSR.
As we have mentioned in Section III, the conjunc-
tion of the sound speed at the beginning moment of
the oscillating stage in our model is continuous but
not smooth in contrast to the original SSR mechanism.
Thus, it is necessary to examine the possible influence
of this non-smooth conjunction of sound speed on the
6λ=2.× 109λ=6.× 109λ=2.× 1010
0 10 20 30 40 50
0.0
0.2
0.4
0.6
0.8
N
ϕ/M p
FIG. 4. Numerical (the dashed curves) and semi-analytical
results (the solid curves) of the evolutions of the inflaton field
φ with different values of λ. The green dashed line denotes
the beginning of the oscillating stage. The parameter values
are chosen to be: H0 = 10
−5Mp and ξ = 0.1.
SSR phenomenology. Analogous to the treatments in
[43, 44], we introduce a canonical variable v ≡ zζ
for the comoving curvature perturbation ζ, where z =√
2Mpa/cs. The evolution of a Fourier mode of this
variable vk(τ) satisfies the Mukhanov-Sasaki equation
d2vk
dτ2 +
(
c2sk
2 − 1z d
2z
dτ2
)
vk = 0 [78, 79]. We numerically
solve this equation by setting the initial mode in the non-
oscillating stage to the renormalized Bunch-Davies (BD)
vacuum, i.e. vk(τ) = e
−i√1−2ξkτ/
√
2
√
1− 2ξk. The re-
sults in the upper panel of Fig. 5 imply that in the quasi-
de Sitter approximation, the evolutions of vk(τ) in the
resonant regime around the characteristic scale k∗ (the
grey solid curve) in the DBI model match very well with
the results of the original SSR (the blue dashed curve)
[43, 44], as well as the exact numerical results of DBI
SSR (the red solid curve), which can be solved out by
combining the matching condition (12), the background
evolution (9) and the warp factor (19). The above com-
parisons indicate that SSR is dominated by the narrow
resonance effect in the oscillating stage, and insensitive
to the non-smooth conjunction of sound speed at the be-
ginning moment of the oscillation. Consequently, the
fraction of PBH against the total dark matter density
fPBH ≡ ΩPBH/ΩDM, where ΩPBH and ΩDM are the corre-
sponding normalized energy densities of PBHs and dark
matter at the present time, is expected to be the same
with the original SSR [43, 44], which is presented in the
lower panel of Fig. 5.
Additionally, regarding the general speed limit on DBI
models (6), we derive the bound on the amplitude of
sound speed oscillation ξ in SSR by the background so-
lution (15) and the warp factor (17), i.e.,
ξ ≤ λ
2(λ+ δ(φ))
, (24)
and thus, ξ < 12 is required in the non-oscillating stage
τ < τs and ξ ≤ 14 in the oscillating stage τs < τ < τend.
0 . 1 1 1 0 1 0 0 1 0 0 01 0 - 2
1 0 0
1 0 2
1 0 4
  O r i g i n a l ( q u a s i )    D B I  ( q u a s i )  D B I  ( e x a c t )         O t h e r  m o d e    C o n t o u r  
x = - k 
|v k(
)|
EGB
WD
HSC
UFD
SNe
OGLE
EROS/MACHO
CMB
10-17 10-12 10-7 0.01 1000.0010-5
10-4
0.001
0.010
0.100
1
MPBH/M⊙
f P
BH
FIG. 5. Upper: Mode functions derived from the original
SSR and the DBI SSR models, respectively. The evolutions
of the resonating modes under the quasi-de Sitter approxi-
mation for the non-smooth conjunction of DBI SSR (the grey
dashed curve) and for the smooth conjunction of original SSR
(the blue dashed curve) match well, and the exact numeri-
cal results in DBI SSR (the red solid curve) also match with
them to a certain extent. The brown solid line denotes a non-
resonating mode k 6= k∗. The growth of mode function is
estimated as |vkc(τ)| ∝ exp(ξk∗τ/2) (the green solid curve).
Lower: The mass spectrum of PBH fPBH in the DBI SSR,
for different values of k∗. The coloured shadow areas refer to
various astronomical constraints, including the extra-galactic
γ-ray background (EGγ) [69], white dwarves (WD) [70], lens-
ing events (HSC [71], EROS/MACHO [72], SNe [73], OGLE
[74]), ultra-faint dwarf galaxies (UFD) [75] and CMB [76, 77].
The parameter values are adopted from Refs. [43, 44].
Accordingly, in the SSR mechanism where ξ < 14 is re-
quired for the positivity of c2s [16, 43, 44], the speed
limit (6) is always satisfied. In the non-oscillating stage,
Eq. (24) also implies that a small amplitude of ξ cor-
responds to the non-relativistic motion of DBI inflaton.
In fact, from the string theory perspective, the velocity
of a brane in the oscillating stage may be estimated as
vp =
√
f(φ)φ˙ =
√
2ξ(1 + δ/λ), which evolves between 0
and 2
√
ξ.
Furthermore, we would like to comment that there are
three categories of model parameters. The first class
7is the microscopic parameter λ, which appears in the
warp factor. Making use of experimental bounds on
the amplitude of primordial density perturbation, we
derive λ & 1.3 × 109 for ξ = 0.1, which can be seen
from the constraint (43) and the discussions in Section
V B. The second class is the parameter of the inflation-
ary background, namely, H0 = 10
−5Mp is applied in
this work. The values of H0 and λ restrict the slow-
roll parameter (26) to be around ˜ ' 0.001, which will
be shown in Section V B. The last class concerns the
SSR parameters. For the characteristic scale k∗, we fix
−k∗τs ' e∆N∗ = 200 or ∆N∗ ' 5.3, which corresponds
to the e-folding number from τs to Hubble exit of k∗
[16, 43, 44]. It is straightforward to convert the conformal
time into the numbers of e-folds: −k∗τ ' −k∗τseN−∆N ,
where N is the e-folding number from τ to the end of
inflation τend, and ∆N ' 8 is the e-folding number
from τs to τend [43, 44]. Accordingly, the evolution of
φ with the numbers of e-folds can be expressed roughly
as φ(N) '
(
φ−1i +
√
2ξ
H(1−)√λ (N−Nend)
)−1
from the solu-
tion (15), where N is the e-folding number from τ to the
end of inflation τend, and then the approximate field value
at the beginning of the oscillating phase is calculated as
φs = φ(τs) = φ(∆N) ' 0.08Mp by setting λ = 2 × 109
and Nend = 55.
V. CONSTRAINTS
In the previous section, we have performed a pertur-
bative approach to achieve SSR in the context of DBI in-
flation with a specific warp factor (19) and the inflaton’s
potential (23). It is well-known that, for non-canonical
inflation models, a non-trivial sound speed of inflaton
can yield observable effects that are distinct from that
of the regular model of canonical slow-roll inflation, e.g.,
a modified inflationary consistency relation and poten-
tially large primordial non-Gaussianities [47, 68, 80, 81].
In the following, we shall discuss these observables and
their constraints on our model.
A. The number of e-folds
In order to study the power spectra generated in DBI
inflation, we introduce the following set of slow-roll pa-
rameters:
 ≡ − H˙
H2
, η ≡ ˙
H
, κ ≡ c˙s
Hcs
, (25)
which measure the variations of the Hubble parameter H,
the first slow-roll parameter , the sound speed cs, with
respect to each Hubble time, respectively. After that, we
also introduce the following redefined slow-roll parame-
ters in the context of the Hamilton-Jacobi formalism that
we have used in the previous section,
˜ ≡ 2M
2
p
γ
(H ′(φ)
H(φ)
)2
, (26)
η˜ ≡ 2M
2
p
γ
H ′′(φ)
H(φ)
, (27)
κ˜ ≡ 2M
2
p
γ
H ′(φ)
H(φ)
γ′(φ)
γ(φ)
. (28)
Using Eqs. (5) and (9), we can relate the above two sets
of slow-roll parameters as follows, [80, 81]
˜ =  , η˜ = 2− η − κ , κ˜ = κ . (29)
In the non-relativistic limit (γ → 1), the slow parameters
(26), (27) and (28) relate to the usual slow-roll param-
eters sr ≡ M
2
p
2
(
V ′(φ)
V (φ)
)2
and ηsr ≡ M2p V
′′(φ)
V (φ) :  → sr,
η → ηsr − sr and κ ' 0.
For one thing, we follow [66] to check whether our
model can produce a sufficiently long duration of infla-
tionary expansion. Afterwards, we compare the observ-
able predictions with the latest experimental data to nar-
row down the parameter space. In our case, the model
belongs to the IR-type DBI inflation, and a long period of
inflation can take place near the top of the potential. A
quantitative check can be made to ensure the sufficient
e-folding number from the time CMB quadruple exits
the horizon to the end of inflation, i.e., Ncmb ∈ [50, 60]
[50, 51]. Using the solution of φ(τ) (15), one obtains the
total number of e-folds from the start of inflation to the
end of inflation
Nend ≡ ln aend
ai
=−
∫ φi
φend
H(φ)
φ˙
dφ
'H0(1− )
√
λ√
2ξ
(φ−1i − φ−1end) , (30)
where φend = φ(τend) is the field value of inflaton at
the end of inflation. The observational constraint then
gives Nend ≥ Ncmb. We also notice that the total e-
folding number Nend can also be derived directly from the
solution of φ(τ) in (15) by considering τend/τi ' e−Nend .
One direct constraint from the e-folding number is the
lower bounds on the inverse field range (φ−1i − φ−1end) as
follows,
(
φ−1i − φ−1end
)
& 55
√
2ξ
H0(1− )
√
λ
. (31)
And here, we have taken a conservative value for the
number of e-folds with Ncmb = 55 [51].
In the usual situation, inflaton ends when the slow-roll
parameter  tends to unity. However, in most models
of DBI inflation  remains less than one, and inflation
ends for different reasons depending on the underlying
fundamental physics [81]. Despite of the underlying fun-
damental theory, in our model inflaton ends subject to
8the condition of the second slow-roll parameter |η| = 1
(25).
Using the Hubble parameter (20) and (22), the slow-
roll parameter  (26) can be rewritten as
˜ ' ξ
λ
φ4
H20M
2
p
. (32)
Here it is shown that ˜ ∝ φ4 is quite small. Inserting the
inflaton’s solution in (15), the second slow-roll parameter
η is therefore calculated to be
η ≡ ˙
H
' −4φ,N
φ
=
4
√
2ξ
H0(1− )
√
λ
φ . (33)
Accordingly, φend is given by the condition |η| = 1, i.e.,
φend ' H0(1− )
√
λ
4
√
2ξ
. (34)
Inserting the expression of φend (34) into the solution
(15) or the constraint on field range from the e-folding
number (31), we acquire the initial value for φi as
φi . 0.017
H0(1− )
√
λ√
2ξ
. (35)
As a result, by introducing the field range ∆φ ≡ φend−φi,
it is straightforward to derive the bound on this field
range ∆φ following Eqs. (34) and (35):
0.23
H0(1− )
√
λ√
2ξ
. ∆φ . H0(1− )
√
λ
4
√
2ξ
. (36)
Taking the values of the parameters: λ = 2 × 109,
H0 = 10
−5Mp, ξ = 0.1 and  = 0.001, the approxi-
mate field values of (34) and (35) is determined to be:
φi . 0.017Mp and φend ' 0.25Mp, and the field range is
given by 0.233Mp . ∆φ . 0.25Mp.
B. Power spectra
Due to the narrow resonance effect of the SSR mecha-
nism, primordial density perturbations are exponentially
amplified near the characteristic scale k∗, while the per-
turbation modes in the non-resonant regime k 6= k∗ be-
have like the Bunch-Davis vacuum, which is consistent
with the scale-independent feature of the primordial den-
sity perturbations at the large scales. Thus, at the CMB
scales, the power spectra for primordial scalar and ten-
sor perturbations in our model are same as that of the
non-canonical inflation [46]
Pζ =
1
8pi2
H2
M2p
1
cs
, Pt =
2
pi2
H2
M2p
, (37)
and their spectra indices are given by [66, 67, 80]
ns − 1 ≡ d lnPζ
d ln k
= −2− 2η − κ , (38)
nt ≡ d lnPt
d ln k
= −2 , (39)
respectively. Scalar perturbations freeze when they exit
the sound horizon csk = aH, while tensor perturbations
freeze when they exits the Hubble horizon k = aH. In
DBI inflation, the scalar spectral index is related to the
total e-folding number as ns − 1 ∼ 1/Nend [49], which is
consistent with observational data [50, 51]. Additionally,
for DBI models, the tensor-scalar ratio on CMB scales is
given by [66, 67, 80]
r ≡ Pt
Pζ
= 16cs . (40)
which also implies the modified consistency relation [46,
68]
r = −8csnt . (41)
All the above formalisms reduce to the cases in the stan-
dard canonical inflation scenario when cs = 1.
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FIG. 6. The lower bound on λ in terms of ξ after adopting
the observational fact with Pζ ∼ 10−9.
Given the observational fact with Pζ ∼ 10−9, we show
below that this can impose a lower bound on the param-
eter λ. Since there is φ ≤ φend, we can use Eqs. (32) and
(34) and then get,
˜ . λ
1024ξ
H20
M2p
. (42)
Then, to combine Pζ ∼ 10−9 in Eqs. (37) and (42), we
obtain
λ & 1.3 ξ × 1010 . (43)
9FIG. 7. The parameter space for ˜, H0 and λ bounded by the
constraints in (42) and (43).
Fig. 6 shows the bounds on λ in terms of the amplitude
ξ. For instance, setting ξ = 0.1, one gets λ & 1.3 × 109.
The relation (42) is presented in Fig. 7, providing the
bounds on H0 and λ in order for ˜ < 1 during inflation.
Moreover, if one takes H0 = 10
−5Mp and λ = 2 × 109,
the slow-roll parameter in (32) is approximately given by
˜ ' 0.001 for primordial power spectra in (37).
Furthermore, it is known that the Lyth bound of DBI
inflation is same with the case in the standard slow-roll
inflation [67, 82]
∆φ
Mp
=
∫ Nend
0
√
r
8
dN . (44)
Due to Eq. (41), r is a slowly-varying small quantity dur-
ing inflation, the Lyth bound (44) is expressed approxi-
mately as
∆φ
Mp
'
√
r
8
Nend . (45)
In light of the constraint on the field range (36) and the
sufficient e-folding number NCMB = 55, we can find
r < 1.5× 10−4 . (46)
which implies that relic gravitational waves are gener-
ally extremely small in our model. We mention that the
constraint on r from Planck 2018 data is r < 0.1.
C. Primordial non-Gaussianity
A distinctive theoretical prediction of DBI inflation is
the possible large level of primordial non-Gaussianity,
with the non-linear parameter of the equilateral type
fNL ∝ c−2s when cs  1. The explicit form of the non-
linear parameter fNL in DBI model (1) is given by [83]
fNL =
35
108
( 1
c2s
− 1
)
, (47)
and according to Planck 2018 experiment [84], the related
observational constraint takes: fNL = −26 ± 47 (68%
confidence level), which directly imposes the lower bound
on the sound speed squared as follows,
c2s ≥ 0.015 . (48)
Thus, the phenomenological sound speed squared shown
in Fig. 1 safely lives within this limit.
non-osicllating
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FIG. 8. The non-linear parameter fNL as a function of ξ in
the non-oscillating stage where c2s = 1− 2ξ.
Moreover, we can see below that, the primordial non-
Gaussianities predicted by our constructed model are far
less than the current observational bounds. In the non-
oscillating stage where c2s = 1− 2ξ, the non-Gaussianity
(47) is estimated as
fNL =
35
108
( 1
1− 2ξ − 1
)
, (non-oscillating) . (49)
Namely, for ξ = 0.1, there is fNL ' 0.081. Note that, the
blue solid curve in Fig. 8 shows the dependence of fNL
on ξ.
Furthermore, it deserves to mention that in the os-
cillating stage τs < τ < τend, the specific mode of BD
vacuum is amplified due to the narrow resonance effect
of SSR, and then the common formula (47) is no longer
valid. However, as this topic is beyond the scope of the
present work, we would like to leave it to be addressed
in the follow-up study.
Using the modified consistency relation (41) and (47),
we obtain the following generic expression in terms of
observables [67, 68]
8nt = −r
√
1 +
108
35
fNL . (50)
Ref. [68] has demonstrated that Eq. (50) is model-
independent in the sense that it holds for arbitrary infla-
ton’s potential and warp factor in DBI inflation. Thus,
in principle Eq. (50) can serve as a smoking gun for
DBI inflation with more and more accurate cosmological
data. Note that, in the single-field slow-roll inflation, pri-
mordial non-Gaussianities are generally quite small [85],
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FIG. 9. The general consistency relation (50) with different
values of fNL and ξ is fixed to 0.1. The blue line refers to the
corresponding fNL in the non-oscillating stage. The red line
represents the standard consistency relation r = −8nt.
and Eq. (50) is exactly the standard consistency relation
r = −8nt. The general relation (50) is shown in Fig. 9
in terms of a set of values: fNL = (0, 0.081, 0.2, 1, 5).
One can read that the deviation from the standard con-
sistency relation r = −8nt (i.e. fNL = 0 ) becomes larger
with the increasing tensor-scalar ratio, while the red tilt
of tensor power spectrum nt goes up slightly.
VI. CONCLUSION
In the present study, we have developed the model
realization of the SSR mechanism for primordial black
hole formation by reconstructing the appropriate form
of DBI inflation. In DBI inflation, the non-canonical ki-
netic term naturally leads to the non-trivial sound speed.
Inspired by this feature, we acquire the matching condi-
tion for the phenomenological oscillating sound speed in
SSR, which is related to a deformed warp factor and the
detailed time evolution of inflaton. In order to solve the
complicated EoM for DBI inflaton, we have developed
a perturbative approach to analyze the background dy-
namics. The whole inflationary stage is separated into
the non-oscillating and the oscillating stages in terms of
the evolution of sound speed squared. In the first stage,
the sound speed squared is assumed to be a constant
slightly deviated from unity, and we have solved the evo-
lution of inflaton by adopting an AdS type of warp factor.
Naturally, the inclusion of the oscillating terms in sound
speed squared requires a delicately deformation on the
AdS-like warp factor. To obtain the form of this warp
factor, we restrict the evolution of inflaton to remain al-
most unchanged, and then the warp factor is solved from
the matching condition for the oscillating sound speed.
Resorting to the Hamilton-Jacobi formalism, the Hub-
ble parameter and the inflaton’s potential are derived. A
numerical method is performed to solve the evolution of
inflaton, which matches very well with semi-analytic re-
sults. We also investigate the influence of the non-smooth
conjunction of sound speed at the beginning moment of
the oscillating stage on SSR phenomenology, and it turns
out that SSR is barely affected by this non-smooth type
of conjunction, and consequently, the same PBH mass
spectrum as the case in the original SSR is predicted in
our DBI inflation.
In light of Planck 2018 experiment, we derive the con-
straints on the field range during inflation and show that
there exist a quite comparable parameter space of the
model to yield the sufficient number of e-folds for a suc-
cessful inflationary phase. By setting the amplitude of
primordial density perturbations to be in order of the
observed one, the model parameters λ can be limited
from below and our model typically predicts that the
amplitude of primordial gravitational waves is too small
to have observable interest. Additionally, the primordial
non-Gaussianity predicted in our model depends on the
oscillation amplitude of sound speed squared ξ, and can
easily satisfy the current observational bound. Last but
not least, the consistency relation for single-field slow-roll
inflation is softly violated in our case due to the small
variations of sound speed squared.
ACKNOWLEDGMENTS
We are grateful to Jinn-Ouk Gong, Shi Pi, Misao
Sasaki, Takahiro Terada, Xi Tong, Dong-Gang Wang,
Yi Wang and Masahide Yamaguchi, Sheng-Feng Yan,
Pierre Zhang for stimulating discussions. This work
is supported in part by the NSFC (Nos. 11722327,
11961131007, 11653002, 11421303), by the CAST Young
Elite Scientists Sponsorship (2016QNRC001), by the Na-
tional Youth Talents Program of China, and by the Fun-
damental Research Funds for Central Universities. All
numerics are operated on the computer clusters LINDA
& JUDY in the particle cosmology group at USTC.
[1] Y. B. Zel’dovich and I. D. Novikov, Sov. Astron. 10, 602
(1966).
[2] S. Hawking, Mon. Not. Roy. Astron. Soc. 152, 75 (1971).
[3] B. J. Carr and S. W. Hawking, Mon. Not. Roy. Astron.
Soc. 168, 399 (1974).
[4] M. Yu. Khlopov, Res. Astron. Astrophys. 10, 495 (2010),
arXiv:0801.0116 [astro-ph].
[5] M. Sasaki, T. Suyama, T. Tanaka, and S. Yokoyama,
Class. Quant. Grav. 35, 063001 (2018), arXiv:1801.05235
[astro-ph.CO].
[6] B. Carr, F. Kuhnel, and M. Sandstad, Phys. Rev. D94,
083504 (2016), arXiv:1607.06077 [astro-ph.CO].
[7] B. Carr and F. Kuhnel, Phys. Rev. D99, 103535 (2019),
arXiv:1811.06532 [astro-ph.CO].
11
[8] M. Sasaki, T. Suyama, T. Tanaka, and S. Yokoyama,
Phys. Rev. Lett. 117, 061101 (2016), [erratum: Phys.
Rev. Lett. 121, no.5, 059901(2018)], arXiv:1603.08338
[astro-ph.CO].
[9] V. Mandic, S. Bird, and I. Cholis, Phys. Rev. Lett. 117,
201102 (2016), arXiv:1608.06699 [astro-ph.CO].
[10] S. Wang, Y.-F. Wang, Q.-G. Huang, and T. G. F. Li,
Phys. Rev. Lett. 120, 191102 (2018), arXiv:1610.08725
[astro-ph.CO].
[11] D. Baumann, P. J. Steinhardt, K. Takahashi, and
K. Ichiki, Phys. Rev. D76, 084019 (2007), arXiv:hep-
th/0703290 [hep-th].
[12] K. N. Ananda, C. Clarkson, and D. Wands, Phys. Rev.
D75, 123518 (2007), arXiv:gr-qc/0612013 [gr-qc].
[13] K. Kohri and T. Terada, Phys. Rev. D97, 123532 (2018),
arXiv:1804.08577 [gr-qc].
[14] N. Bartolo, V. De Luca, G. Franciolini, M. Peloso,
D. Racco, and A. Riotto, Phys. Rev. D99, 103521
(2019), arXiv:1810.12224 [astro-ph.CO].
[15] R.-g. Cai, S. Pi, and M. Sasaki, Phys. Rev. Lett. 122,
201101 (2019), arXiv:1810.11000 [astro-ph.CO].
[16] Y.-F. Cai, C. Chen, X. Tong, D.-G. Wang, and S.-F.
Yan, Phys. Rev. D100, 043518 (2019), arXiv:1902.08187
[astro-ph.CO].
[17] C. Fu, P. Wu, and H. Yu, Phys. Rev. D101, 023529
(2020), arXiv:1912.05927 [astro-ph.CO].
[18] K. Inomata and T. Terada, Phys. Rev. D101, 023523
(2020), arXiv:1912.00785 [gr-qc].
[19] B. J. Carr, Astrophys. J. 201, 1 (1975).
[20] J. Garcia-Bellido, A. D. Linde, and D. Wands, Phys.
Rev. D54, 6040 (1996), arXiv:astro-ph/9605094 [astro-
ph].
[21] J. Garcia-Bellido and E. Ruiz Morales, Phys. Dark Univ.
18, 47 (2017), arXiv:1702.03901 [astro-ph.CO].
[22] V. Domcke, F. Muia, M. Pieroni, and L. T.
Witkowski, JCAP 1707, 048 (2017), arXiv:1704.03464
[astro-ph.CO].
[23] K. Kannike, L. Marzola, M. Raidal, and H. Veerme,
JCAP 1709, 020 (2017), arXiv:1705.06225 [astro-
ph.CO].
[24] B. Carr, T. Tenkanen, and V. Vaskonen, Phys. Rev.
D96, 063507 (2017), arXiv:1706.03746 [astro-ph.CO].
[25] G. Ballesteros and M. Taoso, Phys. Rev. D97, 023501
(2018), arXiv:1709.05565 [hep-ph].
[26] M. P. Hertzberg and M. Yamada, Phys. Rev. D97,
083509 (2018), arXiv:1712.09750 [astro-ph.CO].
[27] G. Franciolini, A. Kehagias, S. Matarrese, and A. Ri-
otto, JCAP 1803, 016 (2018), arXiv:1801.09415 [astro-
ph.CO].
[28] K. Kohri and T. Terada, Class. Quant. Grav. 35, 235017
(2018), arXiv:1802.06785 [astro-ph.CO].
[29] O. Ozsoy, S. Parameswaran, G. Tasinato, and I. Zavala,
JCAP 1807, 005 (2018), arXiv:1803.07626 [hep-th].
[30] M. Biagetti, G. Franciolini, A. Kehagias, and A. Ri-
otto, JCAP 1807, 032 (2018), arXiv:1804.07124 [astro-
ph.CO].
[31] G. Ballesteros, J. Beltran Jimenez, and M. Pieroni,
JCAP 1906, 016 (2019), arXiv:1811.03065 [astro-
ph.CO].
[32] J. Georg, B. Melcher, and S. Watson, JCAP 1911, 014
(2019), arXiv:1902.04082 [astro-ph.CO].
[33] S. Pi, M. Sasaki, and Y.-l. Zhang, JCAP 1906, 049
(2019), arXiv:1904.06304 [gr-qc].
[34] I. Dalianis and G. Tringas, Phys. Rev. D100, 083512
(2019), arXiv:1905.01741 [astro-ph.CO].
[35] C. Fu, P. Wu, and H. Yu, Phys. Rev. D100, 063532
(2019), arXiv:1907.05042 [astro-ph.CO].
[36] H. Motohashi and W. Hu, Phys. Rev. D96, 063503
(2017), arXiv:1706.06784 [astro-ph.CO].
[37] C. Germani and I. Musco, Phys. Rev. Lett. 122, 141302
(2019), arXiv:1805.04087 [astro-ph.CO].
[38] A. Y. Kamenshchik, A. Tronconi, T. Vardanyan,
and G. Venturi, Phys. Lett. B791, 201 (2019),
arXiv:1812.02547 [gr-qc].
[39] B. J. Carr and A. A. Coley, Int. J. Mod. Phys. D20, 2733
(2011), arXiv:1104.3796 [astro-ph.CO].
[40] J.-W. Chen, J. Liu, H.-L. Xu, and Y.-F. Cai, Phys. Lett.
B769, 561 (2017), arXiv:1609.02571 [gr-qc].
[41] J. Quintin and R. H. Brandenberger, JCAP 1611, 029
(2016), arXiv:1609.02556 [astro-ph.CO].
[42] T. Clifton, B. Carr, and A. Coley, Class. Quant. Grav.
34, 135005 (2017), arXiv:1701.05750 [gr-qc].
[43] Y.-F. Cai, X. Tong, D.-G. Wang, and S.-F. Yan, Phys.
Rev. Lett. 121, 081306 (2018), arXiv:1805.03639 [astro-
ph.CO].
[44] C. Chen and Y.-F. Cai, JCAP 1910, 068 (2019),
arXiv:1908.03942 [astro-ph.CO].
[45] C. Armendariz-Picon, T. Damour, and V. F. Mukhanov,
Phys. Lett. B458, 209 (1999), arXiv:hep-th/9904075
[hep-th].
[46] J. Garriga and V. F. Mukhanov, Phys. Lett. B458, 219
(1999), arXiv:hep-th/9904176 [hep-th].
[47] E. Silverstein and D. Tong, Phys. Rev. D70, 103505
(2004), arXiv:hep-th/0310221 [hep-th].
[48] M. Alishahiha, E. Silverstein, and D. Tong, Phys. Rev.
D70, 123505 (2004), arXiv:hep-th/0404084 [hep-th].
[49] X. Chen, JHEP 08, 045 (2005), arXiv:hep-th/0501184
[hep-th].
[50] P. A. R. Ade et al. (Planck), Astron. Astrophys. 594,
A20 (2016), arXiv:1502.02114 [astro-ph.CO].
[51] Y. Akrami et al. (Planck), (2018), arXiv:1807.06211
[astro-ph.CO].
[52] J. P. Conlon and F. Quevedo, JHEP 01, 146 (2006),
arXiv:hep-th/0509012 [hep-th].
[53] G. R. Dvali and S. H. H. Tye, Phys. Lett. B450, 72
(1999), arXiv:hep-ph/9812483 [hep-ph].
[54] S. Kachru, R. Kallosh, A. D. Linde, J. M. Maldacena,
L. P. McAllister, and S. P. Trivedi, JCAP 0310, 013
(2003), arXiv:hep-th/0308055 [hep-th].
[55] Y.-F. Cai, S. Li, and Y.-S. Piao, Phys. Lett. B671, 423
(2009), arXiv:0806.2363 [hep-ph].
[56] J. Zhang, Y.-F. Cai, and Y.-S. Piao, JCAP 1005, 001
(2010), arXiv:0912.0791 [hep-th].
[57] Y.-F. Cai and Y. Wang, Phys. Rev. D82, 123501 (2010),
arXiv:1005.0127 [hep-th].
[58] Y.-F. Cai and W. Xue, Phys. Lett. B680, 395 (2009),
arXiv:0809.4134 [hep-th].
[59] Y.-F. Cai and H.-Y. Xia, Phys. Lett. B677, 226 (2009),
arXiv:0904.0062 [hep-th].
[60] Y.-F. Cai, J. B. Dent, and D. A. Easson, Phys. Rev.
D83, 101301 (2011), arXiv:1011.4074 [hep-th].
[61] Y.-F. Cai, W. Zhao, and Y. Zhang, Phys. Rev. D89,
023005 (2014), arXiv:1307.4090 [astro-ph.CO].
[62] D.-G. Wang, W. Zhao, Y. Zhang, and Y.-F. Cai, JCAP
1602, 019 (2016), arXiv:1509.02541 [astro-ph.CO].
[63] B. Li, Z. Chen, Y.-F. Cai, and Y. Mao, Mon. Not. Roy.
Astron. Soc. 487, 5564 (2019), arXiv:1904.04683 [astro-
12
ph.CO].
[64] I. R. Klebanov and M. J. Strassler, JHEP 08, 052 (2000),
arXiv:hep-th/0007191 [hep-th].
[65] D. Baumann, A. Dymarsky, I. R. Klebanov, J. M. Mal-
dacena, L. P. McAllister, and A. Murugan, JHEP 11,
031 (2006), arXiv:hep-th/0607050 [hep-th].
[66] R. Bean, X. Chen, H. Peiris, and J. Xu, Phys. Rev. D77,
023527 (2008), arXiv:0710.1812 [hep-th].
[67] D. Baumann and L. McAllister, Phys. Rev. D75, 123508
(2007), arXiv:hep-th/0610285 [hep-th].
[68] J. E. Lidsey and D. Seery, Phys. Rev. D75, 043505
(2007), arXiv:astro-ph/0610398 [astro-ph].
[69] B. J. Carr, K. Kohri, Y. Sendouda, and J. Yokoyama,
Phys. Rev. D81, 104019 (2010), arXiv:0912.5297 [astro-
ph.CO].
[70] P. W. Graham, S. Rajendran, and J. Varela, Phys. Rev.
D92, 063007 (2015), arXiv:1505.04444 [hep-ph].
[71] H. Niikura et al., Nat. Astron. 3, 524 (2019),
arXiv:1701.02151 [astro-ph.CO].
[72] P. Tisserand et al. (EROS-2), Astron. Astrophys. 469,
387 (2007), arXiv:astro-ph/0607207 [astro-ph].
[73] M. Zumalacarregui and U. Seljak, Phys. Rev. Lett. 121,
141101 (2018), arXiv:1712.02240 [astro-ph.CO].
[74] H. Niikura, M. Takada, S. Yokoyama, T. Sumi,
and S. Masaki, Phys. Rev. D99, 083503 (2019),
arXiv:1901.07120 [astro-ph.CO].
[75] T. D. Brandt, Astrophys. J. 824, L31 (2016),
arXiv:1605.03665 [astro-ph.GA].
[76] V. Poulin, P. D. Serpico, F. Calore, S. Clesse,
and K. Kohri, Phys.Rev.D 96, 083524 (2017),
arXiv:1707.04206 [astro-ph.CO].
[77] G. Sato-Polito, E. D. Kovetz, and M. Kamionkowski,
(2019), arXiv:1904.10971 [astro-ph.CO].
[78] V. F. Mukhanov, Sov.Phys.JETP 67, 1297 (1988).
[79] M. Sasaki, Prog.Theor.Phys. 76, 1036 (1986).
[80] H. V. Peiris, D. Baumann, B. Friedman, and A. Cooray,
Phys. Rev. D76, 103517 (2007), arXiv:0706.1240 [astro-
ph].
[81] R. Bean, S. E. Shandera, S. H. Henry Tye, and J. Xu,
JCAP 0705, 004 (2007), arXiv:hep-th/0702107 [hep-th].
[82] D. H. Lyth, Phys. Rev. Lett. 78, 1861 (1997), arXiv:hep-
ph/9606387 [hep-ph].
[83] X. Chen, M.-x. Huang, S. Kachru, and G. Shiu, JCAP
0701, 002 (2007), arXiv:hep-th/0605045 [hep-th].
[84] Y. Akrami et al. (Planck), (2019), arXiv:1905.05697
[astro-ph.CO].
[85] J. M. Maldacena, JHEP 05, 013 (2003), arXiv:astro-
ph/0210603 [astro-ph].
